In this paper, the authors extend the theory and m−series of the generalized difference equation to m(α)−series of its α−difference equation. We also investigate the complete and summation solutions of α-difference equation. Suitable examples are provided to illustrate the main results.
Introduction
In 1984, Jerzy Popenda [3] introduced a particular type of difference operator ∆ α defined on u(k) as ∆ α u(k) = u(k + 1) − αu(k). In 1989 Miller and Rose [8] introduced the discrete analogue of the Riemann-Liouville fractional derivative and proved some properties of the fractional difference operator. The general fractional h-difference Riemann-Liouville operator and its inverse ∆ −ν h f (t) were mentioned in [1, 2] . As application of ∆ −ν h , by taking ν = m (positive integer) and h = , the sum of m th partial sums on n th powers of arithmetic, arithmetic-geometric progressions and products of n consecutive terms of arithmetic progression have been derived using ∆ −m u(k) [9] .
In 2011, M.Maria Susai Manuel, et.al, [5] , have extended the definition of ∆ α to ∆ α( ) which is defined as ∆ α( ) v(k) = v(k + ) − αv(k) for the real valued function v(k), ∈ (0, ∞). In [6] , the authors have used the generalized α-difference equation;
and obtained a summation solution of the above equation in the form
The higher order generalized α−difference equation is defined as
There are two types of solutions for the equation (3): one is summation form and another one is closed form. If we are able to find a closed form solution which is coinciding with the summation solution of the equation (3), then we can obtain a formula for finding the values of higher order multi-alpha series of u(k). Hence in this paper, we obtain higher order multi-alpha series to u(k) with respect to by equating summation and closed form solutions of equation (3).
Preliminaries
Before stating and proving our results, we present some notations, basic definitions and preliminary results which will be useful for further subsequent
.
is also a solution of the equation (3) when n = 1, 1 = and we can write 
and hence
Proof.
and hence (6) . Now (7) follows by taking i = for i = 1, 2, · · · , n in (6).
Main Results
In this section, we obtain the sum of higher order multi-alpha series by equating the closed and summation form solutions of the generalized higher kind alpha difference equation (3).
Proof. From the definition of ∆ α( ) v(k) and taking ∆
which yields the relation
which is obtained by replacing (10) and substituting the resultant values
Hence, (8) follows from (11) and ∆
. Now (9) can be obtained by replacing k by k − m in (8) and then multiplying both sides by α m .
For r = 1, 2, 3...[
] replacing k by k − r 1 in (14) and multiplying both sides by α r , we find that
Adding (14) and (15) for r = 1, 2, 3...[
] and applying (13), we derive
(16) Replacing r 1 , r 2 by r 2 , r 3 and 1 , 2 by 2 , 3 in (16), we find
(17) Replacing k by k − r 1 in (17) and multiplying both sides by α r and adding the corresponding expressions for r = 0, 1, 2, ...[
Continuing this process we get the proof of the theorem. Corollary 3.3 Taking n = 2, u(k) = k 2 in the Theorem 3.2, we have
and (20), we get
α( 2 ) (1) and hence by (20) and (21), we find
Taking ∆ −1 α( 1 ) on both sides of (22) and applying (20) and(21) for 1 , we arrive
Now the proof follows by applying (22) and (23) 
u ˆ i+1 (k − Proof. The proof follows by taking α = 1 in the Theorem 3.2.
Corollary 3.6 From (6), taking n = 2 and u(k) = 2 k in the Corollary 3.5, we have 
The following example is an verification of corollary 3.6. 
